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The purpose of the research is to apply the modified Hartman-Schijve equation for predicting
small crack growth rate in an additive manufactured titanium Ti-6Al-4V. Material constants in the
equation were determined by long crack test data, and the threshold value of the stress intensity
factor range was set to a small value. A small fatigue crack test was conducted to validate the
fitted equation. Predicted fatigue life of another specimen configuration under bending load
agreed well with the test result. The work shows that it may be possible to represent both small
and long crack growth rates by the modified Hartman-Schijve equation with its material constants
being determined by long crack test.

1. Introduction
Additive manufacturing (AM) of titanium Ti-6Al-4V (Ti64) has received particular attention in research and development in the
aerospace, energy, and biomedical industries owing to its high strength-to-weight ratio, high fracture toughness, and excellent
resistance to fatigue and corrosion. One of the main concerns for using AM parts for safety-critical components is the presence of
defects. While these defects have little or no effect on the static strength, they cause a significant reduction in the ductility and fatigue
properties [1,2]. The surface roughness of AM metal parts is also a concern for structural integrity [3]. Studies have shown that surface
roughness can be quantified and represented as micro notches or defects that can lead to localised stress concentration and result in
fatigue strength reduction [3,4]. However, some parts are used in their as-built conditions, e.g. lattice structures or other complex
geometries, which are impossible to machine and polish; some parts may have shorter design life or are subjected to lower applied
stress, hence surface roughness may not be a problem. Moreover, one of the advantages of AM is to build near-net-shaped parts without
or with much reduced post-process machining, as machining will increase the overall manufacturing cost.
To understand and quantify the impact of surface roughness on structural integrity, considerable research has been carried out on
the tensile and fatigue properties of AM Ti64 [5–10]. The traditional stress-based approach using the material S-N data and notch stress
has been used for predicting fatigue life reduction caused by surface roughness [6,11–13]. Recent research has also demonstrated that
the fracture mechanics approach can be used for predicting the durability of AM parts due to initial damage of small size [14–18]. In
the latter approach, the equivalent initial damage size (EIDS) concept was used as the initial crack length, and the material’s crack
growth rate property was used to calculate the fatigue life of the component. It is worth noting that EIDS values determined by Airbus
for AM titanium alloys are around 0.25 mm for selective laser melted Ti64 with heat treatment and 0.45 mm for electron beam melted
Ti64 [19]. It is consistent with a statement from the company that for as-built AM parts, EIDS rarely exceeds 0.5 mm [20].
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Nomenclature
a, c
A
B
D, p
E
K
ΔK
Kc
Kmax
ΔKth
ΔKthr
R
t
W

μ
υ

Crack length
Cyclic fracture toughness
Thickness of compact tension sample
Material constants in modified Hartman-Schijve equation
Young’s modulus
Stress intensity factor
Stress intensity factor range
Fracture toughness
Maximum stress intensity factor
Threshold of ΔK for long crack
Crack length-dependent ΔK threshold
Cyclic load ratio
Thickness of small crack sample
Sample width
Shear modulus
Poisson’s ratio

Abbreviations
EIDS
Equivalent initial damage size
LEFM
Linear elastic fracture mechanics
LC
Long crack
ND
Normal direction (Fig. 1)
SC
Small crack
SIF
Stress intensity factor
TD
Transverse direction (Fig. 1)
WD
Welding torch direction (Fig. 1)
3PB
Three-point bending (test)
Defects, surface roughness features and EIDS values are all in the sub-millimetre range, and it has been shown that using long crack
growth rate data can overestimate the fatigue life as the cracks initiating from defects or surface roughness are in the small crack
domain, which grows faster than long cracks under the same value of applied stress intensity factor [21–23]. Furthermore, fatigue
cracks of relevance to many structural applications are often small or short, and a significant portion of fatigue life is spent in growing
small cracks [24]. Therefore, when adopting the fracture mechanics approach for durability analysis, there is a need for small crack
growth rate data. Owing to the absence of a standardised approach for small crack growth test and the time and cost constraints in
testing small cracks, designers for aerospace structures often do not test small crack propagation behaviour [25]. Hence, for durability
analysis of conventional and AM materials, empirical models representing the small crack growth behaviour by testing only the long
crack specimens have been proposed [26–29].
The modified Hartman-Schijve equation proposed by Jones et al. [27] is shown to be able to predict a small crack growth rate for a
range of aerospace and rail materials tested at a variety of R ratios [18,25–27,30]. Aiming to verify the modified Hartman-Schijve
equation in a wire-based AM titanium alloy Ti64, the small crack test was conducted following the guidance given by ASTM E647
standard for testing small cracks in its appendix X3 [24]. Small crack growth behaviour was monitored, and its growth rate was
measured. Material constants in the modified Hartman-Schijve equation were obtained from long crack test data. Predicted small crack
growth life was validated by the small crack test data. Finally, the verified predictive model was used to predict the fatigue life of
another configuration: a beam specimen built by AM process and tested under three-point bending fatigue load. Small crack growth
from the as-built surface was monitored in the test and predicted to demonstrate the capability of the modified Hartman-Schijve
equation.
2. Experimental method
The wire + arc additive manufactured (WAAM) Ti64 wall was deposited on a 12 mm thick forged Ti64 substrate using a grade-5
Ti64 wire of 1.2 mm diameter and plasma arc as an energy source. Argon gas of 99.99% purity was used as a shielding envelope (placed
ahead of the torch and at the trailing end of the torch), directed precisely at the melt pool to avoid oxidation. A single bead deposition
strategy was used to build a wall of 300 mm × 150 mm × 8 mm (thickness). The schematic of the wall is shown in Fig. 1a, from which
two types of specimens were extracted for long crack and small crack testing.
For the long crack growth testing, two compact tension (C(T)) samples were extracted with a crack starter notch parallel to the weld
direction. The geometry and dimension of the C(T) specimen are shown in Fig. 1b. The test was performed according to the ASTM E647
standard [24] at a constant amplitude sinusoidal load form with a maximum applied load of 3 kN, cyclic load ratio of 0.1 and a loading
2
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Fig. 1. (a) Schematic of the WAAM Ti64 wall showing welding torch movement direction and sample extraction plan, (b) compact tension specimen
for a long crack test, (c) small crack sample and starter notch, (d) the starter notch. [WD: welding torch movement direction, TD: transverse
(thickness) direction, ND: normal direction. Unit: mm, not to scale.]

frequency of 10 Hz. The crack length was measured using a travelling microscope with a 7 × objective lens, having an accuracy of
±0.01 mm. After the test, the seven point incremental polynomial procedure recommended in ASTM E647 standard [24] was used to
calculate the crack growth rate from the measured data of crack length versus load cycles.
Small crack samples were also extracted (Fig. 1a, 1c) for measuring the crack growth rate in the sub-millimetre crack length range.
The sample was designed according to ASTM E647 recommendations in Appendix X3 [24]. The following procedure was used to
prepare the small crack samples for fatigue testing. First, the gauge section was polished using SiC paper up to 4000 grit size. A notch
was then made using Electrical Discharge Machining (EDM) with a width and notch root diameter of 100 µm at the corner of the NDWD and ND-TD planes (Fig. 1c, 1d). The notch size was between 0.4 and 0.7 mm. The gauge section was subsequently polished to a
mirror finish, followed by etching using Kroll’s reagent to reveal the microstructure.
Fatigue test on the small crack samples was conducted under applied load range of 2 and 3.2 kN, respectively, for the two samples,
at a cyclic load ratio 0.1 and test frequency of 20 Hz. The fatigue test was paused at regular intervals to measure the crack length in
both crack fronts on the TD-ND and WD-ND planes using a replication method [31]. An optical microscope was employed to measure
the crack length from the replicas and observe the crack trajectory. For each sample, 40–50 replica measurements were taken. The
reported crack length includes the initial notch size, and the final crack length recorded was in the range of 2–2.5 mm. After the fatigue
test, the lead crack was identified from the replica at different cycle intervals, and the crack path was backtracked at specific cycle
intervals. The seven point incremental polynomial method was used to calculate the crack growth rate from the measured data of crack
length vs. load cycles. Fracture surfaces were examined using scanning electron microscopy (SEM) to identify the crack propagation
pattern and fracture mechanisms.
3. Calculation of the stress intensity factors
For the compact tension specimen, the stress intensity factor K was calculated by Eq. (1) provided by ASTM E647 [24]:
P
(2 + a/W)
K = √̅̅̅̅̅
(0.866 + 4.64(a/W) − 13.32(a/W)2 + 14.72(a/W)3 − 5.6(a/W)4 )
B W (1 − a/W)3/2

3

(1)
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Fig. 2. (a) Secondary electron SEM image of a typical fracture surface of the small crack sample showing the EDM starter notch, crack initiation
location from the notch, crack propagation direction, and fast fracture region, (b) Higher magnification image of the starter notch and dimensions,
(c) optical microscopy image of the starter notch before the start of the test.

where P is the applied load, B sample thickness, W sample width, and a the crack length.
For calculating the stress intensity factor K of the small crack (SC) test sample, the aspect ratio (a/c) of the corner crack was
measured from the fracture surface shown in Fig. 2, which was 1.01 for sample SC-Test-1, and 1.35 for SC-Test-2. The starter notch was
triangular shaped with a notch root curvature of 0.1 mm diameter (Fig. 2c). Beyond crack extension length of about 0.7 mm, crack
shape became quarter-elliptical or near quarter-circular (Fig. 2a). Therefore, the K value was calculated by the Newman-Raju formulae
[32] shown here as Eqs. (2)–(4).
√̅̅̅̅̅ (
πa a a )
Fc , , ϕ
(2)
K=S
Q
c t
[
(a)2
(a)4 ]
g1 g2 f∅
Fc = M1 + M2
+ M3
t
t

(3)

c
Q = 1 + 1.464( )1.65 , a/c > 1
a

(4)

where S is the applied stress perpendicular to the crack plane, a and c the crack lengths as marked in Fig. 2b, b and t the width and
thickness of the sample, Q the shape factor, Fc the boundary correction factor, gi and Mi the curve fitting functions, and ϕ the angular
function. Detailed calculation procedure can be found in [32].
However, the Newman-Raju equation for quarter-elliptical corner crack [32] can overestimate the K value for samples tested in this
study due to the differences in the starter notch shape. Hence, the finite element (FE) modelling was also conducted in this study. The
FE model was firstly verified with the Newman-Raju model [32] for a quarter-elliptical notch before being applied for the notch shape
of the test samples used in this study. The ABAQUS software package was used for the FE models [33].
FE model of one-half of the sample is shown in Fig. 3a. The quadric tetrahedron elements were used with refined mesh around the
notch root curvature and the extended crack front (Fig. 3b). Contour maps of the stress component in the loading direction (noted as
S33) are shown in Fig. 3c and 3d. The linear elastic fracture mechanics (LEFM) approach was then followed to calculate the K value
using the displacement extrapolation method [34]. Under the Mode I load and using the cylindrical coordinate system (r, θ), the
relationship between K and the displacement component in the loading direction v is given by Eq. (5)
√̅̅̅̅̅[
]
KI
r
θ
3θ
v=
(2κ + 1)sin − sin
(5)
2
2
4μ 2π
Material constants κ and μ are functions of the elastic properties; κ = (3-υ)/(1 + υ) (plane strain), κ = 3-4υ (plane stress), and shear
modulus μ = E/2(1 + υ).
In this study, crack length refers to the crack size at the sample surface (crack length “a” in Fig. 2b). Therefore, the plane stress
condition was used for calculating the K values. For θ = 180◦ , Eq. (5) is expressed as Eq. (6)
√̅̅̅̅̅
Ev 2π
K=
(6)
4
r
Using value 0.3 for the Poisson’s ratio in Eq. (5), the ratio of plane-stress K (for a crack at the plate surface) over plane-strain K
4
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Fig. 3. Finite element model of one-half of the test sample: (a) starter notch with a small crack extension of 0.1 mm, load and boundary conditions,
(b) FE model, (c) and (d) contour maps of stress in load direction (S33). Applied stress was 150 MPa for this illustration.

(crack length at the point of maximum crack penetration) is 0.91. This ratio factor was originally proposed by Jolles & Tortoriello with
a value of 0.91 and was related to the crack closure differences at the two crack locations [35]. It is essentially the same argument based
on the variation in the constraint along the crack border, from plane stress at the plate surface to that of plane strain at the point of
maximum crack penetration. This ratio factor was proposed to improve life prediction accuracy based on early studies on crack growth
predictions of semi-elliptical surface and quarter-elliptical corner cracks that demonstrated that the crack growth could not be pre
dicted solely by stress intensity factor ranges [35,36]. To account for this difference, Jolles and Tortoriello [35] multiplied the stress
intensity factor range at the free surface by a factor of 0.91, and Newman and Raju [36] used a factor of 0.9.
FE calculated K is presented in Fig. 4 and compared with the Newman-Raju analytical solution. It shows that the K values for cracks

Fig. 4. Calculated stress intensity factor for the small crack sample with initial notch being modelled as quarter-elliptical shape (Newman-Raju Eq.
(2)) or triangular shape (FEA, Fig. 1d). Applied stress is 150 MPa, crack length including notch size.
5
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extended from the triangular-shaped starter notch were about 22% lower than the Newman-Raju solution for cracks extended from a
quarter-elliptical starter notch. The FE work also modelled the notch root curvature of a 0.1 mm diameter in the test samples (Fig. 2c)
that resulted from the wire-EDM cut, whereas the Newman-Raju analytical method assumes a sharp notch root, i.e. without a curvature
front [32]. Therefore, K values calculated by Newman-Raju equation were reduced by a factor of 0.78.
4. Representing small crack growth rate by the modified Hartman-Schijve equation
4.1. Measurement of small crack growth rate
Two samples were tested, noted as specimen SC-Test-1 and SC-Test-2. The propagation of the lead crack in the ND-TD plane is
shown in Fig. 5. Crack branching and crack coalescence were also observed in both tests. In SC-Test-1, a secondary crack initiated after
about 1.2 × 106 cycles, which later joined the lead crack and continued the trend until failure (Fig. 5a). In SC-Test-2, the lead crack
grew continuously until fracture, with only a slight crack deviation and branching being observed (Fig. 5b).
Projected crack lengths of the dominant crack were plotted against the load cycle numbers in Fig. 6a, where SC-Test-2 had a higher
applied stress range (180 MPa), and the sample failed earlier than SC-Test 1 (applied stress range 135 MPa). The crack growth rates of
both samples are comparable as they are governed by the stress intensity factor, Fig. 6b. Data reduction was performed by the 7-point
polynomial method as recommended by the ASTM E647 standard. It was observed that in the area of the starter notch the crack was
deflected and bifurcated in both samples. Secondary cracks were also observed, and they later joined the dominant crack (Fig. 5, near
to the starter notch). The crack bifurcation and secondary crack formation reduced the crack growth rate in the early stage of crack
growth. The crack growth rate increased rapidly after the crack length exceeded 0.75 mm. In general, small crack growth is affected by
the variations in the microstructure and crystallographic texture at the crack front [23,37,38]. If a small crack is encountered with
different orientations of crystallographic texture at the crack front, it may deviate from its path and grow in the favourable direction
governed by local slip systems [38].
Calculated small and long crack growth rates are plotted together in Fig. 7. It shows that small cracks had higher growth rates than
the long cracks at the same applied ΔK. The difference in crack growth rates is associated with the difference in constraints imposed by
the elastic material surrounding the crack, which may be different in small cracks [39]. The constraint exerted at small cracks initiating
from or growing on a free surface of smooth samples is different from the through-thickness long crack in the same material [35].
Therefore, even when the loading condition and the crack size satisfy the requirement of LEFM, the physical smallness of the crack
generates faster crack growth rates. Long cracks with longer plastic wake will slow down the crack growth rate further [39].
Moreover, the small cracks are comparable to the α colony size of WAAM Ti64 and are hence affected by the crystallographic
orientation of the grains [40,41]. Consequently, local plastic zone sizes are different from the long fatigue cracks [39]. These
microstructural and crystallographic orientations have a substantially diminished effect on the growth of long cracks [39,42]. In the
case of long cracks, the crack tip interacts with a larger number of grains; hence the bulk material properties govern the fracture
behaviour. Furthermore, small cracks do not have the crack closure effect, further increasing the crack growth rate under the same
applied ΔK.
4.2. Modified Hartman-Schijve equation
Some well-known equations describing the fatigue crack growth rate are mentioned here as they lead to the modified Hartman-

Fig. 5. Measurement of the lead crack trajectories by replication method in the small crack (SC) samples; (a) SC-Test-1 under applied stress range
135 MPa, (b) SC-Test-2 under applied stress range 180 MPa. Crack growth was along the TD direction (Fig. 1).
6
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Fig. 6. Result of small crack test: (a) a vs. N; crack length was measured by replication of the dominant crack and projected crack length is plotted
here, (b) da/dN vs. a (crack length includes the starter notch).

Fig. 7. da/dN vs. ΔK for the long crack (LC) and small crack (SC) samples tested in this study. The long crack data trend line (solid line) shows small
cracks growing faster under the same applied ΔK.

Schijve equation proposed by Jones et al. [27] that is used in this study. The Paris law was the first to establish the relationship between
da/dN and ΔK by a power function [43]:
da
= C(ΔK)m
dN

(7)

where C and m are material constants. However, it does not account for the R ratio effect nor the asymptotic trend in the ΔKth and the
fast crack growth regions. Improved functions have been proposed in the literature to overcome these limitations.
The Forman law in Eq. (8) [44] accounts for the R ratio effect, and the term [(1-R)KC - ΔK] predicts the asymptotic behaviour when
crack growth rate goes to infinity, and ΔK approaches the fracture toughness, KC.
7
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da
C(ΔK)m
=
dN [(1 − R)Kc − ΔK ]

(8)

The ΔKth asymptote was later included in the Forman equation by Hartman-Schijve [45] by changing the numerator to (ΔK - ΔKth),
Eq. (9). A similar equation was also proposed by Priddle [46].
da
C(ΔK − ΔKth )m
=
dN [(1 − R)Kc − ΔK ]

(9)

Jones et al. [27] modified the original Hartman-Schijve equation, Eq. (9), to the form of Eq. (10). They later referred it as a variant
of the NASGRO equation [18,27,30,47] because the constant q in the original NASGRO equation was set as p/2 in Eq. (10). Caton et al.
[48] observed that there was no discernible effect of R ratio on small crack growth rate if plotted as a function of ΔK. Therefore,
Hartman-Schijve equation has been used for small crack problems [5,17].
(
)p
da
ΔK − ΔKthr
= D √̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(10)
dN
1 − Kmax /A
In Jones’ papers [17,18,30,49], Eq. (10) is written in a simpler form as Eq. (11), where the Δκ parameter was proposed by Schwalbe
[50], Eq. (12),
da
= D(Δκ)p
dN

(11)

(ΔK − ΔKthr )
Δκ = √̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − Kmax /A

(12)

where D and p are material constants, A the cyclic fracture toughness, and ΔKth the fatigue crack growth threshold that is dependent on
the microstructure and the R ratio. For small cracks, ΔKth is termed as ΔKthr in Jones’ papers [18,30,49] to distinguish it from the long
crack K threshold values. They proposed that the small crack growth behaviour can be represented from the long crack test data by

Fig. 8. Hartman-Schijve equation fitted to long crack test data: (a) da/dN vs. Δκ for determining material constants D and p by the fitting curve, (b)
√̅̅̅̅̅
√̅̅̅̅̅
da/dN vs. ΔK. Material data used in Eq. (11): A = 90 MPa m and ΔKth = 4.5 MPa m.
8
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√̅̅̅̅
setting the ΔKthr to a very small value of around 0.1–0.3 MPa m [18,49].

√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
In this paper, long crack growth rate da/dN is plotted against (ΔK − ΔKthr )/ 1 − Kmax /A in a log-log graph in Fig. 8a, where
parameter A is the stress intensity factor range at failure under fatigue load. As the first estimation, the value of A should be closer to the
fracture toughness property value under static load as the term Kc in the original Forman equation, Eq. (8). In [51], the fracture toughness
√̅̅̅̅
√̅̅̅̅
value for WAAM single bead Ti64 was measured as 70–81 MPa m, and in [17] an average value of 75.5 MPa m was measured for
√̅̅̅̅
another additive manufactured Ti64. In the threshold-K region, da/dN is not sensitive to assumed A values in the range of 70–90 MPa m.
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
The value of ΔKthr was subsequently chosen to make da/dN vs.(ΔK − ΔKthr )/ 1 − Kmax /A plot in the near threshold region appears as a
straight line. The value of A was then further adjusted to improve the linearity of the plot in the high ΔK region. This process generally
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
results in very slight difference in the da/dN vs. (ΔK − ΔKthr )/ 1 − Kmax /A plots in the high ΔK region. Hence, the value of A was
√̅̅̅̅
estimated to be 90 MPa m. It can be seen in Fig. 8b that the modified Hartman-Schijve equation can well represent the crack growth rate
√̅̅̅̅
√̅̅̅̅
of the long cracks with values A = 90 MPa m and long crack threshold ΔKth = 4.5 MPa m [2]. The material constants were calculated as
− 10
D = 1 × 10
and p = 2.49, in units of MPa and m, through the linear fitting of the test data with an R2 = 0.96 (Fig. 8a).
Using Eq. (11), fitted da/dN vs. applied ΔK is presented in Fig. 8b and compared with test measured long crack growth data.
Moreover, Eq. (11) also describes the asymptotic behaviour in the threshold and fast crack growth regions. Note, stress intensity factor
√̅̅̅̅
threshold for long cracks ΔKth used for this fitting is 4.5 MPa m.
The small crack growth rate was then predicted using Eq. (11), using material constants D and p obtained from long crack test data
(Fig. 8a) and a smaller ΔKth value based on findings in [23,48,51,52], where the value of ΔKth was set much smaller than the long crack
threshold value in order to make small cracks grow. In Jones’ papers [17,18,30,49], this small crack growth threshold was noted as
√̅̅̅̅
ΔKthr, and small crack da/dN vs. ΔK was approximated by setting the ΔKthr to a very small value of 0.3 MPa m. Values suggested by
[17,18,30] may be suitable for microstructurally small cracks but may be impractical for small cracks initiated from defects found in
√̅̅̅̅
WAAM Ti64 as work in [23,48,52] found higher ΔKthr values for small cracks in Ti64 as 1.8–3.0 MPa m. A sensitivity study of ΔKthr
√̅̅̅̅
value was performed in this study. Fig. 9 shows that higher ΔKthr value (e.g. using the long crack threshold value 4.5 MPa m) resulted
√̅̅̅̅
in delayed crack growth onset and slower crack growth rate under the same ΔK compared to ΔKthr = 3 MPa m. Lower ΔKthr start the
crack growth earlier and increase the crack growth rate. Fig. 9 supports the hypothesis that the Hartman-Schijve equation, Eq. (11),
with appropriate values of A and ΔKthr gives reasonable approximation of the small crack growth rate as supported by the test data.
√̅̅̅̅
Therefore, in this study, ΔKthr = 2 MPa m was used in Eq. (11) for predicting the small crack growth rate in the selected material,
which is validated by small crack test data in this study.
Fig. 9 shows good agreement between the predicted and test measured crack growth rates for the small crack specimens. It also
shows a good comparison with the work performed by Jones et al. [30] on a Ti64 alloy made by selected laser melting (SLM) process,
using D = 2.79 × 10− 10 and p = 2.12 in Eq. (11).
5. Predicting fatigue life of a WAAM Ti-6Al-4V part in as-built surface condition
To further demonstrate the capability of Eq. (11), the effect of surface roughness on the fatigue life of a WAAM Ti64 specimen was
studied under the three-point bending load. Crack initiation from surface waviness features and small crack growth behaviour were
monitored during the fatigue test and predicted.
Specimen geometry and dimension are shown in Fig. 10c. First, the surface waviness was quantified using a form tracer of Mitutoyo
FT SV-C3200/4500 series. A stylus of 4 µm diameter with a diamond tip was used with an applied force of 5 mN on the stylus to keep
contact with the surface (Fig. 10). Details can be found in [53]. Fig. 10c shows the beam specimen with the as-built surface on one side
(the tension side) and the machined surface on the other side. In this study, each of the waviness trough is referred to as a “notch”, so
the crack initiating “notch” is in the mid-span of the beam sample, as shown in Fig. 10d. For fatigue life prediction, the EIDS concept
was used to define the initial crack size, which was the depth of the centre notch. For the WAAM Ti64 as-built surface studied here,

√̅̅̅̅̅
Fig. 9. Prediction of small crack growth rate using long crack data fitted Hartman-Schijve equation with ΔKthr = 2 and 3 MPa m, and comparison
with Hartman-Schijve equation for SLM Ti64 [30].
9
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Fig. 10. (a-b) measurement of the surface waviness and “notch” size on a WAAM Ti64 specimen using the form tracer metrology technique, (c) a
beam sample for fatigue test, (d) model of the “centre notch” in the beam specimen; notch depth is treated as equivalent initial damage size (EIDS).

EIDS ranged 0.05–0.32 mm, i.e. the initial cracks were sub-mm small cracks.
To aid crack growth monitoring and measurement, the ND-TD plane was ground and polished using SiC paper and polished up to
0.06 µm silica suspension and subsequently etched using Kroll’s reagent for approx. 45 s. The experimental setup for the three-point
bending test is shown in Fig. 11a. The fatigue test was performed under constant amplitude load in a sinusoidal waveform with a cyclic
load ratio of 0.1 and 10 Hz loading frequency. The as-built surface was facing downwards, where the maximum applied bending stress
Smax was calculated by Eq. (13) [54].
Smax =

3PL
2Wt2

(13)

where P is the applied load, L the distance between the supporting rollers (beam span = 60 mm), W the width (15 mm) and t the
thickness (8 mm), Fig. 10c. Fatigue testing was paused at every 20,000 cycles to monitor the crack initiation from the centre notch
using a travelling microscope until the initiation of a small crack. After that, crack length was measured at every 2000 cycles until it
reached a length of about 1.6 mm, see Fig. 11b.
Equations for calculating the stress intensity factor K for a beam under three-point bending load can be found in [55,56]. Solutions
provided by these references are comparable. Therefore, Eq. (14) from [55] was used in this study.
[ ( )
(a )3/2
(a )5/2
(a )7/2
(a )9/2 ]
PL
a 1/2
K=
t
t
t
t
t
4.6
+
21.8
37.6
+
38.7
2.9
(14)
t
t
t
t
t
Wt3/2
where P is applied load, L the distance between the supporting rollers, W the sample width, t the sample thickness, and a the crack
length in TD direction (Fig. 11b).

Fig. 11. (a) Experimental setup of three-point bending fatigue test; (b) optical microscopy image showing crack initiating from the centre notch and
small crack propagation.
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Fig. 12. Predicted fatigue life for beam specimen with as-built surface condition based on the small crack growth approach.

The fatigue life was calculated by numerical integration of Eq. (11) using material constants given in Section 4. Fig. 12 shows the
comparison of prediction with test measurement. Two EIDS values were used as the initial crack length, 0.05 and 0.32 mm, for
specimens tested at stress range of 340 MPa (3PB-Test-1, 3PB-Test-2) and EIDS = 0.13 mm for the third specimen tested at 270 MPa
(3PB-Test-3). The experimental test result shows that specimen 3PB-Test-2 failed earlier than 3PB-Test-1 at the same applied stress
range. The predicted fatigue life range based on the shallowest and deepest notch sizes (0.05 and 0.32 mm) covered the experimental
test data range and can be regarded as a good prediction.
6. Conclusions
The purpose of this work was to establish a unified crack growth rate law to represent both the long crack and small crack regimes
using the modified Hartman-Schijve equation and long crack test data. The representation of small crack growth rate was validated by
testing small crack samples and another geometry with crack initiating and propagating from as-built surface waviness. The following
conclusions can be drawn:
• The modified Hartman-Schijve equation can be used as a unified crack growth rate law to represent both small and long crack
growth rates; the material constants can be determined by testing standard long crack specimens.
• The surface waviness of as-built WAAM Ti64 can be characterised as an array of micro notches; the notch depth can be modelled as
the equivalent initial damage size (EIDS) or initial crack size.
• The durability life of the beam specimen with as-built surface condition can be predicted by the fracture mechanics approach using
the modified Hartman-Schijve equation and the equivalent initial damage size (EIDS) as the initial crack length.
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